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We investigate the statistical distribution that governs an ideal Bose gas with fixed particle number
density in the limited cubic box. By adjusting the spatial sizes and imposing the boundary conditions
that can be manipulated by phase factor, we numerically calculate the critical temperature of Bose-
Einstein condensation to analyse the statistical properties in these systems. We find that, when
the space size of the systems is small enough, finite-size effects can have a significant impact on
the critical temperature of Bose-Einstein condensation. Moreover, we predict that in the case of
extremely small spatial sizes, less than a dozen of bosons can also achieve Bose-Einstein condensation
below the critical temperature.
PACS Numbers: 03.75.Hh, 05.30.Ch, 05.30.Jp
I. INTRODUCTION
The Bose-Einstein condensation (BEC) is an unique
quantum phenomenon and has played an important role
in condensed matter [1–3], optics [4–6], superconductiv-
ity [7] as well as in atomic and molecular physics [8, 9].
In the last few decades, the rapid developments in trap-
ping and cooling atoms enable the realization of BEC
of atomic gas in experiments, examples including a di-
lute rubidium-87 atomic vapor [10], a gas of sodium
atoms [11], a magnetically trapped gas of lithium [12]
and the systems of binary Bose gas [13–19]. These suc-
cesses have attracted more scholars investigate the BEC
theoretically [13, 20–27] and experimentally [28–35] fur-
ther.
The theory of Bose-Einstein condensation, predicted
by Einstein, reveals that a macroscopic population of
Bose gas will fall into the lowest energy quantum mechan-
ical state below the crtical temperature. It is known that
the theory has been developed in the thermodynamic
limit. However, the corresponding experiments can not
meet the strict thermodynamic limit [9–12, 35], and
according to the Weyl-Courant principle, the quantum
properties are insensitive to the shapes and the boundary
conditions of macroscopic systems. A natural problem
has arisen followed, what will happen to Bose-Einstein
condensation in extremely small volume systems? In
fact, non-equilibrium Bose-Einstein condensation of less
than ten photons has been realized experimentally [36].
This inspires us to explore the physics of Bose-Einstein
condensation in limited volume systems.
Historically, in 1938, London simply considered a sys-
tem of free particles of massM confined in a cubic volume
of linear dimension L, without an external trapping po-
tential [37, 38]. Intuitively, one expects some influences
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of boundary conditions even in the large-system limit.
Subsequently, the periodic boundary condition and the
Dirichlet boundary condition are imposed on the sys-
tems [39]. In order to learn the Bose-Einstein conden-
sation in limited volume systems clearly, in this paper,
similarly, we take the systems consisting of an ideal Bose
gas with fixed particle number density confined in the
limited cubic box. Then we will investigate the finite-
size effects with boundary conditions on Tc.
This paper is organized as follows. In Section II, the
specific formulas of the statistical distribution of an ideal
Bose gas with fixed particle number density confined in
the limited cubic box are directly given. In Section III,
finite-size effects on BEC in the limited cubic box are in-
vestigated. In Section IV, in the case of boundary condi-
tions that can be manipulated by phase factor, numerical
changes on critical temperatures are obtained. Finally, in
Section V, conclusions and discussions are briefly given.
II. THE BOSE DISTRIBUTION IN THE
LIMITED CUBIC BOX
In this section, the formulas of the statistical distri-
bution of Bose gas with fixed particle number density,
confined in the limited cubic box with linear dimension
L and boundary conditions will be given. We start from
the review of the Bose distribution in the thermodynamic
limit. For the given particle number density n, the fun-
damental formulation can be expanded as
1
V
∑
l
1
e
l−µ
kT−1
= n, (1)
where µ is the chemical potential, k denotes the Boltz-
mann’s constant and {l} is the single-particle energy
spectrum. Since both energy and momentum are quasi-
continuous in the thermodynamic limit, it is easy to sub-
stitute the integral for the summation:
2pi
h¯3
(2m)
2
3
∫ ∞
0

1
2 d
e
−µ
kT − 1
= n, (2)
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2where h¯ is the Plank constant divided by 2pi, m is the
mass of the boson. Here it should be noted that this
formula is only applicable to the case where the thermo-
dynamic limit or the energy level spacing is much smaller
than kT . Just as shown in Eq. (2), when the temperature
drops to a certain critical temperature Tc, µ → 0 (0 is
the ground state). Hence the critical temperature Tc is
determined by the following formula:
2pi
h¯3
(2m)
2
3
∫ ∞
0

1
2 d
e

kTc − 1 = n. (3)
That is to say, below a given temperature, the popula-
tion of the lowest quantum state becomes macroscopic
and this corresponds to the onset of Bose-Einstein con-
densation. Note that it is necessary to remove the ground
state in the process of calculation. Therefore, the critical
temperature Tc can be calculated as:
Tc =
2pi
(2.612)
2
3
h¯2
mk
(n)
2
3 . (4)
We now put bosons into a limited cubic box of linear
dimension L, which leads to discretization of energy and
momentum. Consequently, we should use summation as
Eq. (1) instead of the integral of the thermodynamic limit
as Eq. (3) to calculate the critical temperature.
In addition, it is the finite small volume that we
can introduce the boundary conditions. Most generally,
the boundary conditions can be expressed as ψ(L2 ) =
eiαψ(−L2 ), where eiα denotes the phase factor [40], and
due to the periodicity of the function, the phase α ranges
from 0 to 2pi. It is known that the phase factor is de-
fined for any evolution of a quantum system. Particu-
larly, the phase factor represents for a given projection
of the evolution on the projective space of rays of the
Hilbert space [41]. That is to say, each phase factor
in quantum systems is not only associated with a new
geometric phase factor, but also a particular boundary
condition. So that we can take differernt boundary con-
ditions by manipulating the phase α. As a consequence,
the quantized energy levels of each boson of mass m with
boundary conditions can be expressed as:
n1n2n3 =
h¯2[(2n1pi + α)
2 + (2n2pi + α)
2 + (2n3pi + α)
2]
2mL2
,
(5)
where the quantum states are characterized by the quan-
tum numbers (n1, n2, n3), (n1, n2, n3 = 0,±1,±2, · · · ).
Combing the Eqs. (1) and (5), the Bose gas with fixed
particle number density n confined in limited cubic box
with linear dimension L can be expressed by:
1
L3
∑
n1
∑
n2
∑
n3
1
e
n1n2n3
−0
kTc − 1
= n. (6)
Here it should be noted that the ranges of these quantum
numbers in the process of the summation are determined
by the boundary conditions. For clarity, here we define
α = kpi ( k∈ [0, 2] ).
(i)k ∈ [0, 1), the ground state (0, 0, 0) should be ex-
cluded.
(i)k ∈ (1, 2], the ground state (−1,−1,−1) should be
excluded.
(iii)k = 1, the ground state (−1,−1,−1), (−1,−1, 0),
(−1, 0,−1), (0,−1,−1), (0, 0,−1), (0,−1, 0), (−1, 0, 0),
(0, 0, 0) should be excluded.
According to the Eq. (6), it is straightforward to notice
that the Bose distribution in the limited cubic box is not
only associates with the particle number density, but also
depends on the spatial sizes and the boundary conditions.
In the following, we will investigate how these factors
influence the statistical law in these systems.
III. FINITE-SIZE EFFECTS ON
BOSE-EINSTEIN CONDENSATION
In this section, we adjust the spatial sizes with the peri-
odic boundary condition, the counter-periodic boundary
condition and the Dirichlet boundary condition to anal-
yse the BEC in the limited cubic box.
(a) Periodic boundary condition
When α = 0, the periodic boundary condition is im-
posed on the wave functions, according to our analyses,
the single particle energy is given by:
n1n2n3 =
2h¯2pi2(n21 + n
2
2 + n
2
3)
mL2
. (7)
The quantum numbers comprise triples (n1, n2, n3) rang-
ing from −∞ to ∞. The sum runs over all of them ex-
cluding the ground state (0, 0, 0), i.e., 0 = 0. So the
critical temperature can be determined by:
1
L3
∑
n1
∑
n2
∑
n3
1
e
2h¯2pi2(n21+n
2
2+n
2
3)
mL2kTc − 1
= n. (8)
When the critical temperature less than Tc, the Eq. (8)
should be expressed as:
n0 +
1
L3
∑
n1
∑
n2
∑
n3
1
e
2h¯2pi2(n21+n
2
2+n
2
3)
mL2kT − 1
= n, (9)
where n0 is the ground state particle number density.
And the numerically calculated results under the periodic
boundary condition are shown in Figs. 1, 2.
(b) Counter-periodic boundary condition
When α turns to pi, that is counter-periodic boundary
condition. The single particle energy is:
n1n2n3 =
h¯2[(2n1pi + pi)
2 + (2n2pi + pi)
2 + (2n3pi + pi)
2]
2mL2
.
(10)
Likewise, the critical temperature can be calculated by:
1
L3
∑
n1
∑
n2
∑
n3
1
e
h¯2pi2[(2n1+1)
2+(2n2+1)
2+(2n3+1)
2−3]
2mL2kTc − 1
= n.
(11)
3FIG. 1. (Color online) The critical temperature Tc versus L with
the periodic boundary condition for an ideal Bose gas enclosed in
the limited cubic box. Here h¯
2
mk
n
2
3 is taken as an unit of Tc. The
particle number density n is fixed at 2× 1012cm−3.
FIG. 2. (Color online) The ground state particle number density
n0 versus T with the periodic boundary condition for an ideal Bose
gas enclosed in the limited cubic box V of linear dimension L =
2 × 10−4cm. Here the particle number density n is fixed at 2 ×
1012cm−3.
The sum comprises the triples (n1, n2, n3) ranging from
−∞ to ∞, excluding the ground state (−1,−1,−1),
(−1,−1, 0), (−1, 0,−1), (0,−1,−1), (0, 0,−1), (0,−1, 0),
(−1, 0, 0), (0, 0, 0), i.e., 0 = h¯2pi22mL2 . Below the critical
temperature, the ground state particle number density
under the counter-periodic boundary condition can be
obtained by:
n0+
1
L3
∑
n1
∑
n2
∑
n3
1
e
h¯2pi2[(2n1+1)
2+(2n2+1)
2+(2n3+1)
2−3]
2mL2kT − 1
= n.
(12)
The results under the counter-periodic boundary condi-
tions are shown in Figs. 3, 4.
(c) Dirichlet boundary condition
Here we take ψ(L2 ) = ψ(−L2 ) = 0 to meet the Dirich-
let boundary condition. In this case, the single particle
FIG. 3. (Color online) The critical temperature Tc versus L with
the counter-periodic boundary condition for an ideal Bose gas en-
closed in the limited cubic box. Here h¯
2
mk
n
2
3 is taken as an unit of
Tc. The particle number density n is fixed at 2× 1012cm−3.
FIG. 4. (Color online) The ground state particle number density
n0 versus T with the counter-periodic boundary condition for an
ideal Bose gas enclosed in the limited cubic box V of linear dimen-
sion L = 2× 10−4cm. Here the particle number density n is fixed
at 2× 1012cm−3.
energy is:
n1n2n3 =
h¯2pi2(n21 + n
2
2 + n
2
3)
2mL2
. (13)
It should be noted that under this boundary condition,
the range of the quantum numbers (n1, n2, n3) are from
1 to ∞. In the process of the summation, the quan-
tum numbers of comprise the triples (n1, n2, n3), only the
ground state (1, 1, 1), 0 =
3h¯2pi2
2mL2 excluded. The critical
temperature can be derived by:
1
L3
∞∑
n1=1
∞∑
n2=1
∞∑
n3=1
1
e
h¯2pi2(n21+n
2
2+n
2
3−3)
2mL2kTc − 1
= n. (14)
Similarly, when T < Tc, the ground state particle number
density can be derived by:
n0 +
1
L3
∞∑
n1=1
∞∑
n2=1
∞∑
n3=1
1
e
h¯2pi2(n21+n
2
2+n
2
3−3)
2mL2kT − 1
= n. (15)
4The Figs. 5, 6 represent the corresponding results under
the Dirichlet boundary condition.
FIG. 5. (Color online) The critical temperature Tc versus L with
the Dirichlet boundary condition for an ideal Bose gas enclosed in
the limited cubic box. Here h¯
2
mk
n
2
3 is taken as an unit of Tc. The
particle number density n is fixed at 2× 1012cm−3.
FIG. 6. (Color online) The ground state particle number density
n0 versus T with the Dirichlet boundary condition for an ideal
Bose gas enclosed in the limited cubic box V of linear dimension
of L = 2× 10−4cm. Here the particle number density n is fixed at
2× 1012cm−3.
By calculating numerically, the variations of the criti-
cal temperature confined in the limited cubic box of lin-
ear dimension L, with the periodic boundary condition,
the counter-periodic boundary condition and the Dirich-
let boundary condition are shown in Figs. 1, 3,and 5,
respectively. As shown in these figures, no matter what
the specific boundary conditions we take, at a fixed par-
ticle number density, the critical temperature Tc consid-
erably increases as the spatial size L decreases in the
extremely small size region. And when L > 2× 10−3cm,
the values of Tc gradually return to the thermodynamic
limit results, as shown in Eq. (4). That is exactly the
Weyl-Courant principle expects. Additionally, the varia-
tions of the number density of ground state particles with
temperature under the periodic boundary condition, the
counter-periodic boundary condition and the Dirichlet
boundary condition are shown in Figs. 2, 4, and 6, re-
spectively. It is straightforward to observe that when the
spatial size and particle number density are fixed, be-
low the critical temperature Tc, the number density of
ground state particles gradually increases with decreas-
ing temperature. Particularly, combining the variations
of critical temperature and ground state particle num-
ber density in the above figures, when the spatial size L
reaches a sufficiently small magnitude, it is find that less
than a dozen of bosons can form Bose-Einstein conden-
sation and its critical temperature increases.
IV. INFLUENCES OF BOUNDARY
CONDITIONS ON CRITICAL TEMPERATURE
IN THE LIMITED CUBIC BOX
Another important consequence in the present paper
is that the Bose statistical properties change with the
boundary conditions. According to the Figs. 1, 3,and 5,
it is easy to find that there are changes of the critical
temperatures with different boundary conditions in the
same spatial sizes. In order to investigate the impact of
different boundary conditions on the Bose distribution in
detail, we numerically calculate the critical temperature
via Eq. (6) with L = 2×10−4cm, 2×10−3cm, 1×10−2cm,
respectively. For the sake of expression, we consider the
quantum numbers (n1, n2, n3) from −∞ to ∞, and the
phase α from 0 to 2pi. The calculated results are plotted
in Figs. 7, 8 and 9, respectively.
FIG. 7. (Color online) The critical temperature Tc versus α with
L = 2 × 10−4cm in the limited cubic box. The particle number
density n is fixed at 2×1012cm−3. Here h¯2
mk
n
2
3 is taken as an unit
of Tc.
Based on the Eq. (6) and the summation process, for
the systems with fixed particle number density, in the
[0, 2pi] interval, the temperature varies with α should be
symmetric about a = pi. As shown in Figs. 7, 8 and 9, it
is obvious that the variation of the critical temperature
is symmetric during [0, 2pi], which is in accord with our
analyses. From these Figures, as the phase α changes,
5FIG. 8. (Color online) The critical temperature Tc versus α with
L = 2 × 10−3cm in the limited cubic box. The particle number
density n is fixed at 2×1012cm−3. Here h¯2
mk
n
2
3 is taken as an unit
of Tc.
FIG. 9. (Color online) The critical temperature Tc versus α with
L = 1 × 10−2cm in the limited cubic box. The particle number
density n is fixed at 2×1012cm−3. Here h¯2
mk
n
2
3 is taken as an unit
of Tc.
the boundary conditions gradually change from periodic
boundary condition to counter-periodic boundary condi-
tion, the critical temperature become lower. Particularly,
as an important feature of the critical temperature, its
maximum are located at α = pi. That is to say, the
counter-periodic boundary condition is more capable of
changing the critical temperature in the small enough
limited volume systems. In addition, as the spatial size L
increases and getting close to the thermodynamic limit,
the influence of the adjustable boundary conditions on
critical temperature becomes smaller and smaller. As
a consequence, the critical temperature is sensitive to
the boundary conditions that can be manipulated by the
phase factors in the small enough limited volume systems.
V. CONCLUSION AND DISCUSSION
In this paper, we have considered the systems con-
sisting of Bose gas with fixed particle number density
confined in the limited cubic box. In terms of the Bose
distribution, as shown in Eq. (6), we characterize the
statistical properties by the critical temperature Tc and
ground state particle number density n0 in these systems.
And we have investigated the corresponding variations
by adjusting the spatial size and regulatable boundary
conditions.
On the base of the theoretical analysis and numerical
calculation, the spatial sizes and the boundary conditions
that can be manipulated by phase factors contribute to
influencing the critical temperature only in the extremely
small limited volume systems. Especially, the critical
temperature is more sensitive to the smaller spatial size
and counter-periodic boundary condition in these sys-
tems. Particularly, we predict that the extremely small
size is capable of allowing less than a dozen of bosons to
form BEC below the critical temperature, which is sub-
ject to experimental testing. As a consequence, both the
spatial sizes and the boundary conditions can be effective
to influence Bose distribution in limited volume systems.
Superconductivity and superfluidity, like Bose-
Einstein condensation (BEC), are among the most
fascinating phenomena in nature [42]. Moreover, these
have a great deal in common with BEC and can be
described by similar theoretical ideas. Therefore, it
is expected that finite-size effects can have important
influences on superconductivity and superfluidity, which
needs a further investigation.
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